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Abstract
The main objective of this paper is to clarify the ontology of Dirac-Hestenes spinor fields
(DHSF ) and its relationship with even multivector fields, on a Riemann-Cartan spacetime
(RCST) M =(M,g,∇, τg, ↑) admitting a spin structure, and to give a mathematically rigorous
derivation of the so called Dirac-Hestenes equation (DHE ) in the case where M is a Lorentzian
spacetime (the general case whenM is a RCST will be discussed in another publication). To this
aim we introduce the Clifford bundle of multivector fields (Cℓ(M, g)) and the left (CℓlSpine
1,3
(M))
and right (CℓrSpine
1,3
(M)) spin-Clifford bundles on the spin manifold (M, g). The relation be-
tween left ideal algebraic spinor fields (LIASF) and Dirac-Hestenes spinor fields (both fields are
sections of CℓlSpine
1,3
(M)) is clarified. We study in detail the theory of covariant derivatives of
Clifford fields as well as that of left and right spin-Clifford fields. A consistent Dirac equation
for a DHSF Ψ ∈ sec CℓlSpine
1,3
(M) (denoted DECℓl) on a Lorentzian spacetime is found. We also
obtain a representation of the DECℓl in the Clifford bundle Cℓ(M, g). It is such equation that
we call the DHE and it is satisfied by Clifford fields ψΞ ∈ sec Cℓ(M, g). This means that to each
DHSF Ψ ∈ sec CℓlSpine
1,3
(M) and to each spin frame Ξ ∈ secPSpine
1,3
(M), there is a well-defined
sum of even multivector fields ψΞ ∈ sec Cℓ(M, g) (EMFS) associated with Ψ. Such an EMFS
is called a representative of the DHSF on the given spin frame. And, of course, such a EMFS
(the representative of the DHSF ) is not a spinor field. With this crucial distinction between
a DHSF and its representatives on the Clifford bundle, we provide a consistent theory for the
covariant derivatives of Clifford and spinor fields of all kinds. We emphasize that the DECℓl
and the DHE, although related, are equations of different mathematical natures. We study also
the local Lorentz invariance and the electromagnetic gauge invariance and show that only for
the DHE such transformations are of the same mathematical nature, thus suggesting a possible
link between them.
∗To appear in Journal of Mathematical Physics 45(7), 2945-2966 (2004).
†E-mail: mosna@ifi.unicamp.br
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1 Introduction
The main objective of this paper is to clarify the ontology of Dirac-Hestenes spinor fields (DHSF )1
on general Riemann-Cartan spacetimes (RCST) and to give a mathematically justified account of
the Dirac-Hestenes equation (DHE ) on Lorentzian spacetimes, subjects that have been a matter of
many misunderstandings and controversies (as discussed in [34]). Recall that the flat spacetime DHE
represents the state of an electron by a map Ψ with values in the even part of the Clifford algebra
R1,3. However, a covariant formulation of the DHE on a (possibly curved) Lorentzian spacetime
M cannot promote Ψ, in a canonical way, to a section of the Clifford bundle Cℓ(M, g) (whose
objects transform as tensors and therefore cannot describe spin-1/2 particles). In [34], DHSF on a
Minkowski spacetime were defined as equivalence classes of Clifford fields. Here we follow a different
approach, and define DHSF as even sections of an appropriate spinorial Clifford bundle. The objects
satisfying the Dirac-Hestenes equation are then even multivector fields which are representatives of
DHSF on the tensorial Clifford bundle. Moreover, such a representative is manifestly spin-frame
dependent, so that no contradiction arises in representing spinors by Clifford fields.
To achieve our goals, we introduce in section 2 the Clifford bundle of multivector fields2 (Cℓ(M, g)),
and the left ( CℓlSpine
1,3
(M)) and right (CℓrSpine
1,3
(M)) spin-Clifford bundles on the spin manifold
(M, g), and study in detail how these bundles are related. Left algebraic spinor fields and Dirac-
Hestenes spinor fields (both fields are sections of CℓlSpine
1,3
(M)) are defined and the relation between
them is established. In section 4, a consistent Dirac equation for a DHSF Ψ ∈ sec CℓlSpine
1,3
(M)
(denoted DECℓl) on a Lorentzian manifold is found. In section 5, we obtain a representation of
the DECℓl in the Clifford bundle, an equation we call the Dirac-Hestenes equation (DHE ), which is
satisfied by Clifford fields ψΞ ∈ sec Cℓ(M, g). This means that to each DHSF Ψ ∈ sec Cℓ
l
Spine
1,3
(M)
and to each spin frame Ξ ∈ secPSpine
1,3
(M) there is a well defined sum of even multivector fields
ψΞ ∈ sec Cℓ(M, g) (EMFS ) associated with Ψ. Such an EMFS is called a representative of the DHSF
on the given spin frame. And, of course, such an EMFS (the representative of the DHSF ) is not
a spinor field. With this crucial distinction between a DHSF and their EMFS representatives, we
present in section 5 an effective spinorial connection for the representatives of a DHSF on Cℓ(M, g),
thus providing a consistent theory for the covariant derivatives of Clifford and spinor fields of all
kinds.
We emphasize that the DECℓl and the DHE, although related, are of different mathematical
natures. This issue has been particularly scrutinized in sections 4 and 5. We study also the local
Lorentz invariance and the electromagnetic gauge invariance and show that only for the DHE such
transformations are of the same mathematical nature, thus suggesting a possible link between them.
In a sequel paper we are going to investigate this issue and also (a) the formulation of the DECℓ and
DHE in an arbitrary Riemann-Cartan spacetime through the use of a variational principle3; (b) the
theory of the Lie derivative of the LIASF and DHSF; and (c) the claim in [17] that the existence
of spinor fields in a Lorentzian manifold requires a minimum amount of curvature. This problem is
important in view of the proposed teleparallel theories of the gravitational field.
Finally, in the Appendix we derive some formulas employed in the main text for the covariant
derivative of Clifford and spinor fields, using the general theory of covariant derivatives on associated
vector bundles. In general, our notation corresponds to that in [34].
1For the genesis of these objects we quote [19].
2Of course, all the results of the present paper could also be obtained in the case where Cℓ(M,g) is a Clifford
bundle of nonhomogeneous differential forms.
3We shall use in our approach to the subject the techniques of the multivector and extensor calculus developed in
[12],[13],[14],[25],[26],[27] and [28].
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A few acronyms are used in the present paper (to avoid long sentences) and they are summarized
below for the reader’s convenience:
DHE - Dirac-Hestenes Equation
DHSF- Dirac-Hestenes Spinor Field
DECℓl- Dirac equation for a DHSF Ψ ∈ sec CℓlSpine
1,3
(M)
EMFS- Even Multivector Fields
LIASF- Left Ideal Algebraic Spinor Field
PFB- Principal Fiber Bundle
RIASF- Right Ideal Algebraic Spinor Field
RCST- Riemann-Cartan Spacetime
2 The Clifford Bundle of Spacetime and their Irreducible
Module Representations
2.1 The Clifford Bundle of Spacetime
Let M be a four dimensional, real, connected, paracompact and noncompact manifold. Let TM
[T ∗M ] be the tangent [cotangent] bundle of M .
Definition 1 A Lorentzian manifold is a pair (M, g), where g ∈ secT 2,0M is a Lorentzian metric
of signature (1, 3), i.e., for all x ∈ M , TxM ≃ T
∗
xM ≃ R
1,3, where R1,3 is the vector Minkowski
space.
Definition 2 A spacetime M is a pentuple (M, g,∇, τg, ↑) where (M, g, τg, ↑) is an oriented Lorentzian
manifold (oriented by τg) and time oriented by an appropriated equivalence relation
4 (denoted ↑)
for the timelike vectors at the tangent space TxM , ∀x ∈ M . ∇ is a linear connection for M such
that ∇g = 0.
Definition 3 Let T and R be respectively the torsion and curvature tensors of ∇. If in addition to
the requirements of the previous definitions, T(∇) = 0, then M is said to be a Lorentzian spacetime.
The particular Lorentzian spacetime where M ≃ R4 and such that R(∇) = 0 is called Minkowski
spacetime and will be denoted by M. When T(∇) is possibly nonzero, M is said to be a Riemann-
Cartan spacetime (RCST). A particular RCST such that R(∇) = 0 is called a teleparallel spacetime.
In what follows PSOe
1,3
(M) denotes the principal bundle of oriented Lorentz tetrads.5
It is well known [32] that the natural operations on metric vector spaces, such as direct sum,
tensor product, exterior power, etc., carry over canonically to vector bundles with metrics.
Definition 4 The Clifford bundle of the Lorentzian manifold (M, g) is the bundle of algebras
Cℓ(M, g) =
⋃
x∈M
Cℓ(TxM, gx), (1)
where Cℓ(TxM, gx) is the Clifford algebra associated with (TxM, gx) (see, e.g., [34]).
4See [35] for details.
5We assume that the reader is acquainted with the structure of PSOe
1,3
(M), whose sections are the time oriented
and oriented orthonormal frames, each one associated by a local trivialization to a unique element of SOe1,3(M). See,
e.g., [16],[22],[29] and [30].
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As is well known ([4],[5],[10]) Cℓ(M, g) is a quotient (or factor) bundle, namely
Cℓ(M, g) =
τM
J (M, g)
(2)
where τM = ⊕∞r=0T
0,rM and T (0,r)M is the space of r-contravariant tensor fields, and J (M, g) is
the bundle of ideals whose fibers are the two-sided ideals in τM generated by the elements of the
form a⊗ b + b ⊗ a − 2g(a, b), with a, b ∈ TM . In what follows, we denote the real Clifford algebra
associated with Rp,q by Rp,q. The even subalgebra of Rp,q will be denoted by R
0
p,q (see, e.g., [34]).
Let πc : Cℓ(M, g) → M be the canonical projection of Cℓ(M, g) and let {Uα} be an open
covering of M . There are trivialization mappings ψi : π
−1
c (Ui) → Ui × R1,3 of the form ψi(p) =
(πc(p), ψi,x(p)) = (x, ψi,x(p)). If x ∈ Ui ∩ Uj and p ∈ π
−1
c (x), then
ψi,x(p) = hij(x)ψj,x(p) (3)
for hij(x) ∈ Aut(R1,3), where hij : Ui ∩ Uj → Aut(R1,3) are the transition mappings of Cℓ(M, g).
We know that every automorphism of R1,3 is inner and it follows that
hij(x)ψj,x(p) = gij(x)ψi,x(p)gij(x)
−1 (4)
for some gij(x) ∈ R
⋆
1,3, the group of invertible elements of R1,3.
Now, the group SOe1,3 has as it is well known (see, e.g., [2],[3],[5],[21],[34]) a natural extension in
the Clifford algebra R1,3. Indeed we know that R
⋆
1,3 acts naturally on R1,3 as an algebra automor-
phism through its adjoint representation. A set of lifts of the transition functions of Cℓ(M, g) is a
set of R⋆1,3-valued functions {gij} such that if
Ad : g 7→ Adg,
Adg(a) = gag
−1, ∀a ∈ R1,3, (5)
then Adgij = hij in all intersections.
Also6 σ = Ad|Spine
1,3
defines a group homomorphism σ : Spine1,3 → SO
e
1,3 which is onto with kernel
Z2. We have that Ad−1 = identity, and so Ad : Spin
e
1,3 → Aut(R1,3) descends to a representation
of SOe1,3. Let us call Ad
′ this representation, i.e., Ad′ : SOe1,3 → Aut(R1,3). Then we can write
Ad′σ(g)a = Adga = gag
−1.
From this it is clear that the structure group of the Clifford bundle Cℓ(M, g) is reducible from
Aut(R1,3) to SO
e
1,3. This follows immediately from the Lorentzian structure of (M, g) and the fact
that Cℓ(M, g) is the exterior bundle where the fibers are equipped with the Clifford product. Thus
the transition maps of the principal bundle of oriented Lorentz tetrads PSOe
1,3
(M) can be (through
Ad′) taken as transition maps for the Clifford bundle. We then have [5]
Cℓ(M, g) = PSOe
1,3
(M)×Ad′ R1,3, (6)
i.e., the Clifford bundle is an associated vector bundle to the principal bundle PSOe
1,3
(M) of or-
thonormal Lorentz frames.
Definition 5 Sections of Cℓ(M, g) are called Clifford fields.7
6Recall that Spine1,3 = {a ∈ R
0
1,3 : aa˜ = 1} ≃ SL(2,C) is the universal covering group of the restricted Lorentz
group SOe1,3. See, e.g., [34].
7We note that the term Clifford fields was used in [34] for mappings from Minkowski spacetime to the Clifford
algebra R1,3.
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2.2 Spinor Bundles
Definition 6 A spin structure on M consists of a principal fiber bundle πs : PSpine
1,3
(M) → M
(called the Spin Frame Bundle), with group Spine1,3, and a map
s : PSpine
1,3
(M)→ PSOe
1,3
(M) (7)
satisfying the following conditions
(i) π(s(p)) = πs(p) ∀p ∈ PSpine
1,3
(M); π is the projection map of the bundle PSOe
1,3
(M).
(ii) s(pu) = s(p)Adu , ∀p ∈ PSpine
1,3
(M) and Ad : Spine1,3 → Aut(R1,3), Adu : R1,3 ∋ x 7→
uxu−1 ∈ R1,3.
Recall that minimal left (right) ideals of Rp,q are left (right) modules for Rp,q [34]. In [34],
covariant, algebraic and Dirac-Hestenes spinors (when (p, q) = (1, 3)) were defined as certain equiv-
alence classes in appropriate sets, and a preliminary definition for fields of these objects living on
Minkowski spacetime was given. We are now interested in defining algebraic Dirac spinor fields and
also Dirac-Hestenes spinor fields, on a general Riemann-Cartan spacetime (definition 3), as sections
of appropriate vector bundles (spinor bundles) associated to PSpine
1,3
(M). The compatibility between
PSpine
1,3
(M) and PSOe
1,3
(M), as captured in definition 6, is essential for that matter.
It is therefore natural to ask the following: When does a spin structure exist on an oriented
manifold M? The answer, which is a classical result ([1],[4],[5],[10],[15],[22],[29]-[31],[33],[32]), is
that the necessary and sufficient conditions for the existence of a spin structure on M is that the
second Stiefel-Whitney class w2(M) of M is trivial. Moreover, when a spin structure exists, one can
show that it is unique (modulo isomorfisms) if and only if H1(M,Z2) is trivial.
Remark 7 For a spacetime M (definition 2), a spin structure exists if and only if PSOe
1,3
(M) is a
trivial bundle. This was originally shown by Geroch [16].
Definition 8 We call global sections ξ ∈ secPSOe
1,3
(M) Lorentz frames and global sections Ξ ∈
secPSpine
1,3
(M) spin frames.
Remark 9 Recall that a principal bundle is trivial if and only if it admits a global section. Therefore,
Geroch’s result says that a (noncompact) spacetime admits a spin structure if and only if it admits a
(globally defined) Lorentz frame. In fact, it is possible to replace PSOe
1,3
(M) by PSpine
1,3
(M) in remark
7 (see [16], footnote 25). In this way, when a (noncompact) spacetime admits a spin structure, the
bundle PSpine
1,3
(M) is trivial and, therefore, every bundle associated to it is also trivial.
Definition 10 An oriented manifold endowed with a spin structure will be called a spin manifold.
We now present the most usual definitions of spinor bundles appearing in the literature8 and
next we find appropriate vector bundles such that particular sections are LIASF or DHSF.
Definition 11 A real spinor bundle for M is a vector bundle
S(M) = PSpine
1,3
(M)×µl M (8)
where M is a left module for R1,3 and µl is a representation of Spin
e
1,3 on End(M) given by left
multiplication by elements of Spine1,3.
8We recall that there are some other (equivalent) definitions of spinor bundles that we are not going to introduce
in this paper as, e.g., the one given in [6] in terms of mappings from PSpine
1,3
to some appropriate vector space.
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Definition 12 The dual bundle S⋆(M) is a real spinor bundle
S⋆(M) = PSpine
1,3
(M)×µr M
⋆ (9)
where M⋆ is a right module for R1,3 and µr is a representation of Spin
e
1,3 in End(M) given by right
multiplication9 by (inverse) elements of Spine1,3.
Definition 13 A complex spinor bundle for M is a vector bundle
Sc(M) = PSpine
1,3
(M)×µc Mc (10)
where Mc is a complex left module for C⊗R1,3 ≃ R4,1 ≃ C(4), and where µc is a representation of
Spine1,3 in End(Mc) given by left multiplication by elements of Spin
e
1,3.
Definition 14 The dual complex spinor bundle for M is a vector bundle
S⋆c (M) = PSpine1,3(M)×µc M
⋆
c (11)
where M⋆c is a complex right module for C⊗ R1,3 ≃ R4,1 ≃ C(4), and where µc is a representation
of Spine1,3 in End(Mc) given by right multiplication
9 by (inverse) elements of Spine1,3.
Taking, e.g., Mc = C
4 and µc the D
(1/2,0) ⊕ D(0,1/2) representation of Spine1,3
∼= SL(2,C) in
End(C4), we immediately recognize the usual definition of the covariant spinor bundle ofM as given,
e.g., in [7],[8],[9],[15],[29] and [30].
2.3 Left Spin-Clifford Bundle
As shown in [34], besides the ideal I = R1,3
1
2 (1 + E0), other ideals exist in R1,3 that are only alge-
braically equivalent to this one. (This fact gives rise to a large class of multivector Dirac equations in
flat spacetime, generalizing the Dirac-Hestenes equation [23, 24].) In order to capture all possibilities
we recall that R1,3 can be considered as a module over itself by left (or right) multiplication. We
are thus led to the following definition.
Definition 15 The left real spin-Clifford bundle of M is the vector bundle
CℓlSpine
1,3
(M) = PSpine
1,3
(M)×l R1,3 (12)
where l is the representation of Spine1,3 on R1,3 given by l(a)x = ax. Sections of Cℓ
l
Spine
1,3
(M) are
called left spin-Clifford fields.
Remark 16 CℓlSpine
1,3
(M) is a “principal R1,3- bundle”, i.e., it admits a free action of R1,3 on the
right [5], which is denoted by Rg, g ∈ R1,3. This will be considered in section 5.
Remark 17 There is a natural embedding10 PSpine
1,3
(M) →֒ CℓlSpine
1,3
(M) which comes from the
embedding Spine1,3 →֒ R
0
1,3. Hence (as we shall see in more details below), every real left spinor
bundle (definition 15) for M can be captured from CℓlSpine
1,3
(M), which is a vector bundle very
different from Cℓ(M, g). Their relation is presented below, but before that we give the following
definition.
9More precisely, this means that given u ∈ Spine1,3, a ∈ M
⋆, µr(u)a = au−1, so that µr(uu′)a = a(uu′)−1 =
au′−1u−1 = µr(u)µr(u′)a.
10The symbol A →֒ B means that A is embedded in B and A ⊆ B.
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Definition 18 Let I(M) be a subbundle of CℓlSpine
1,3
(M) such that there exists a primitive idempotent
e of R1,3 (see, e.g., [34]) with
ReΨ = Ψe = Ψ (13)
for all Ψ ∈ sec I(M) ⊂ sec CℓlSpine
1,3
(M). Then, I(M) is called a subbundle of left ideal algebraic
spinor fields. Any Ψ ∈ sec I(M) ⊂ sec CℓlSpine
1,3
(M) is called a left ideal algebraic spinor field
(LIASF). I(M) can be thought of as a a real spinor bundle for M such that M in Eq.(8) is a
minimal left ideal of R1,3.
Definition 19 Two subbundles I(M) and I ′(M) of LIASF are said to be geometrically equivalent
if the idempotents e, e′ ∈ R1,3 (appearing in the previous definition) are related by an element u ∈
Spine1,3, i.e., e
′ = ueu−1.
Definition 20 The right real spin-Clifford bundle of M is the vector bundle
CℓrSpine
1,3
(M) = PSpine
1,3
(M)×r R1,3. (14)
Sections of CℓrSpine
1,3
(M) are called right spin-Clifford fields
In Eq. (14) r refers to the representation of Spine1,3 on R1,3 given by r(a)x = xa
−1. As in the
case for the left real spin-Clifford bundle, there is a natural embedding PSpine
1,3
(M) →֒ CℓrSpine
1,3
(M)
which comes from the embedding Spine1,3 →֒ R
0
1,3. There exists also a natural left action La of
a ∈ R1,3 on Cℓ
r
Spine
1,3
(M). This will be proved in section 5.
Definition 21 Let I⋆(M) be a subbundle of CℓrSpine
1,3
(M) such that there exists a primitive idempo-
tent element e of R1,3 with
LeΨ = eΨ = Ψ (15)
for any Ψ ∈ sec I⋆(M) ⊂ sec CℓrSpine
1,3
(M). Then, I⋆(M) is called a subundle of right ideal algebraic
spinor fields. Any Ψ ∈ sec I⋆(M) ⊂ sec CℓrSpine
1,3
(M) is called a right ideal algebraic spinor field
(RIASF). I⋆(M) can be thought of as a a real spinor bundle for M such that M⋆ in Eq. (9) is a
minimal right ideal of R1,3.
Definition 22 Two subbundles I⋆(M) and I⋆′(M) of RIASF are said to be geometrically equivalent
if the idempotents e, e′ ∈ R1,3 (appearing in the previous definition) are related by an element u ∈
Spine1,3, i.e., e
′ = ueu−1.
Proposition 23 In a spin manifold, we have
Cℓ(M, g) = PSpine
1,3
(M)×Ad R1,3.
Proof. Remember once again that the representation
Ad : Spine1,3 → Aut(R1,3) Adua = uau
−1 u ∈ Spine1,3
is such that Ad−1 = identity and so Ad descends to a representation Ad
′ of SOe1,3 which we considered
above. It follows that when PSpine
1,3
(M) exists Cℓ(M, g) = PSpine
1,3
(M)×Ad R1,3.
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2.4 Bundle of Modules over a Bundle of Algebras
Proposition 24 S(M) (or CℓlSpine
1,3
(M)) is a bundle of (left) modules over the bundle of algebras
Cℓ(M, g). In particular, the sections of the spinor bundle S(M) (or CℓlSpine
1,3
(M)) constitute a module
over the sections of the Clifford bundle.
For the proof, see [5], page 97.
Corollary 25 Let Φ,Ψ ∈ secCℓlSpine
1,3
(M) and Ψ 6= 0. Then there exists ψ ∈ sec Cℓ(M, g) such
that
Ψ = ψΦ. (16)
Proof. It is an immediate consequence of proposition 24.
So, the corollary allows us to identify a correspondence between some sections of Cℓ(M, g) and
some sections of I(M) or CℓlSpine
1,3
(M) once we fix a section on CℓlSpine
1,3
(M). This and other corre-
spondences will be essential for the theory of section 5. Once we clarified the meaning of a bundle
of modules S(M) over a bundle of algebras Cℓ(M, g), we can give the following.
Definition 26 Two real left spinor bundles (see definition 15) are equivalent if and only if they are
equivalent as bundles of Cℓ(M, g) modules.
Remark 27 Of course, geometrically equivalent real left spinor bundles are equivalent.
Remark 28 In what follows we denote the complexified left spin Clifford bundle by CℓlSpine
1,3
(M) =
PSpine
1,3
(M) ×l C⊗ R1,3 ≡ PSpine
1,3
(M) ×r R4,1 and the complexified right spin Clifford bundle by
CℓrSpine
1,3
(M) = PSpine
1,3
(M)×r C⊗ R1,3 ≡ PSpine
1,3
(M)×r R4,1.
3 Dirac-Hestenes Spinor Fields
Let Eµ, µ = 0, 1, 2, 3 be the canonical basis of R1,3 →֒ R1,3 which generates the algebra R1,3. They
satisfy the basic relation EµEν +EνEµ = 2ηµν . As shown, e.g., in [34],
e =
1
2
(1 +E0) ∈ R1,3 (17)
is a primitive idempotent of R1,3 and
f =
1
2
(1 +E0)
1
2
(1 + iE2E1) ∈ C⊗ R1,3 (18)
is a primitive idempotent of C⊗ R1,3. Now, let I =R1,3e and IC = C⊗ R1,3f be, respectively, the
minimal left ideals of R1,3 and C⊗ R1,3 generated by e and f . Let φ = φe ∈ I and Ψ = Ψf ∈ IC.
Then, any φ ∈ I can be written as
φ = ψe (19)
with ψ ∈R01,3. Analogously, any Ψ ∈ IC can be written as
Ψ = ψe
1
2
(1 + iE2E1), (20)
with ψ ∈R01,3.
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Now, C⊗ R1,3 ≃ R4,1 ≃ C(4), where C(4) is the algebra of the 4× 4 complex matrices. We can
verify that 

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 (21)
is a primitive idempotent of C(4) which is a matrix representation of f . In this way we can prove
(as shown, e.g., in [34]) that there is a bijection between column spinors, i.e., elements of C4 (the
complex 4-dimensional vector space) and the elements of IC. All that, plus the definitions of the left
real and complex spin bundles and the subbundle I(M) suggests the following.
Definition 29 Let Φ ∈ sec I(M) ⊂ sec CℓlSpine
1,3
(M) be as in definition 18, i.e.,
ReΦ = Φe = Φ, e
2 = e =
1
2
(1 +E0) ∈ R1,3. (22)
A Dirac-Hestenes Spinor field (DHSF) associated with Φ is an even section11 ψ of CℓlSpine
1,3
(M) such
that
Φ = ψe. (23)
Remark 30 An equivalent definition of a DHSF is the following. Let Ψ ∈ secCℓlSpine
1,3
(M) be such
that
RfΨ = Ψf = Ψ, f
2 = f =
1
2
(1 +E0)
1
2
(1 + iE2E1) ∈ C⊗ R1,3. (24)
Then, a DHSF associated with Ψ is an even section ψ of CℓlSpine
1,3
(M) ⊂ CℓlSpine
1,3
(M) such that
Ψ = ψf . (25)
Remark 31 In what follows, when we refer to a Dirac-Hestenes spinor field ψ we omit for simplic-
ity the wording associated with Φ (or Ψ). It is very important to observe that DHSF are not sums of
even multivector (tensor) fields although, under a local trivialization, ψ ∈ secCℓlSpine
1,3
(M) is mapped
on an even element of R1,3. We emphasize that DHSF are particular sections of a spinor bundle,
not of the Clifford bundle. However, we show in section 5 how these objects have representatives in
the Clifford bundle.
4 The Many Faces of the Dirac Equation
4.1 Dirac Equation for Covariant Dirac Fields
As is well known [8], a covariant Dirac spinor field is a section Ψ ∈ secSc(M) = PSpine
1,3
(M)×µl C
4.
Let (U = M,Φ),Φ(Ψ) = (x, |Ψ(x)〉) be a global trivialization corresponding to a spin frame Ξ
(definition 8), such that
s(Ξ) = {ea} ∈ PSOe
1,3
(M), ea ∈ secCℓ(M, g),
eaeb + ebea = 2ηab, a, b = 0, 1, 2, 3. (26)
11Note that it is meaningful to speak about even (or odd) elements in Cℓl
Spine
1,3
(M) since Spine1,3 ⊆ R
0
1,3.
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The usual Dirac equation in a Lorentzian spacetime for the spinor field Ψ — in interaction with an
electromagnetic field12 A ∈ sec
∧1
(M) ⊂ sec Cℓ(M, g) — is then [11]
iγa(∇sea + iqAa)|Ψ(x)〉 −m|Ψ(x)〉 = 0, (27)
where γa ∈ C(4), a = 0, 1, 2, 3, is a set of constant Dirac matrices satisfying
γ
a
γ
b + γbγa = 2ηab. (28)
4.2 Dirac Equation in CℓlSpine1,3(M, g)
Due to the one-to-one correspondence between ideal sections of CℓlSpine
1,3
(M), CℓlSpine
1,3
(M) and of
Sc(M) as explained in section 3, we can translate the Dirac equation (27) (for a covariant spinor field)
into an equation for a spinor field that is a section of CℓlSpine
1,3
(M), and finally write an equivalent
equation for a DHSF ψ ∈ secCℓlSpine
1,3
(M). In order to do that we introduce the spin-Dirac operator.
Definition 32 The (spin) Dirac operator acting on sections of CℓlSpine
1,3
(M) is the first order dif-
ferential operator [5]
Ds = ea∇sea . (29)
where {ea} is as in Eq. (26) and ∇s is the spinor covariant derivative (see the Appendix).
Now we give the details of the inverse translation. We start with the following equation which
we call the Dirac equation in CℓlSpine
1,3
(M), denoted DECℓl :
DsψE21 −mψE0 − qAψ = 0 (30)
where ψ ∈ sec CℓlSpine
1,3
(M) is a DHSF and Ea ∈ R1,3 are such that E
aEb+EbEa = 2ηab. Multiplying
Eq. (30) on the right by the idempotent f =12 (1 + E
0)12 (1 + iE
2E1) ∈ C⊗ R1,3, we get after some
simple algebraic manipulations the following equation for the (complex) left ideal spin-Clifford field
Ψ = ψf ∈ secCℓlSpine
1,3
(M) :
iDsΨ−mΨ− qAΨ = 0. (31)
Now we can easily show, using the methods of [34], that given any global trivializations (U =
M,Θ) and (U = M,Φ), of Cℓ(M, g) and CℓlSpine
1,3
(M), there exists matrix representations of the {ea}
that are equal to the Dirac matrices γa (appearing in Eq. (27)). In that way the correspondence
between Eqs. (27), (30) and (31) is proved.
Remark 33 We emphasize at this point that we call Eq. (30) the DECℓl. It looks similar to the
Dirac-Hestenes equation (on Minkowski spacetime) discussed in [34], but it is indeed very different
from it, regarding its mathematical nature. The DECℓl is an intrinsic equation satisfied by a legit-
imate spinor field, namely a DHSF ψ ∈ sec CℓlSpine
1,3
(M). The question naturally arises: May we
write an equation with the same mathematical information of Eq. (30) but satisfied by objects living
on the Clifford bundle Cℓ(M, g) of an arbitrary Lorentzian spacetime, admitting a spin structure? In
the next section we show that the answer to that question is yes.
12We denote the space of sections of p-vectors by sec
∧p(M).
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4.3 Electromagnetic Gauge Invariance of the DECℓl
Proposition 34 The DECℓl is invariant under electromagnetic gauge transformations
ψ 7→ ψ′ = ψeqE
21χ, (32)
A 7→ A+ ∂χ, (33)
ωea 7→ ωea (34)
ψ, ψ′ ∈ sec CℓlSpine
1,3
(M) (35)
A ∈ sec
∧1
(M) ⊂ sec Cℓ(M, g) (36)
with ψ, ψ′ DHSF, and where χ : M → R ⊂ R1,3 is a gauge function.
Proof. The proof is obtained by direct verification.
Remark 35 We note that, for the DECℓl, local rotations and electromagnetic gauge transformations
are very different mathematical transformations, without any obvious geometrical link between them,
differently of what seems to be the case for the Dirac-Hestenes equation, which is studied in the next
section.
5 The Dirac-Hestenes Equation (DHE)
We obtained above a Dirac equation, which we called DECℓl, describing the motion of spinor
fields represented by sections Ψ of CℓlSpine
1,3
(M, g) in interaction with an electromagnetic field
A ∈ secCℓ(M, g),
DsΨE21 − qAΨ = mΨE0, (37)
where Ds = ea∇sea , {e
a} is given by Eq. (26), ∇sea is the natural spinor covariant derivative acting on
secCℓlSpine
1,3
(M, g) (see the Appendix), and {Ea} ∈ R1,3 ⊆ R1,3 is such that E
aEb+EbEa = 2ηab. As
we already mentioned, although Eq. (37) is written in a kind of Clifford bundle (i.e. CℓlSpine
1,3
(M, g)),
it does not suffer from the inconsistency of representing spinors as pure differential forms and, in
fact, the object Ψ behaves as it should under Lorentz transformations.
As a matter of fact, Eq. (37) can be thought of as a mere rewriting of the usual Dirac equation,
where the role of the constant gamma matrices is undertaken by the constant elements {Ea} in R1,3
and by the set {ea}. In this way, Eq. (37) is not a kind of Dirac-Hestenes equation as discussed,
e.g., in [34]. It suffices to say that (i) the state of the electron, represented by Ψ, is not a Clifford
field and (ii) the Ea’s are just constant elements of R1,3 and not sections of vectors in Cℓ(M, g).
Nevertheless, as we show in the following, Eq. (37) does lead to a multivector Dirac equation once
we carefully employ the theory of right and left actions on the various Clifford bundles introduced
earlier. It is the multivector equation13 to be derived below that we call the DHE. We shall need
several preliminary results that we collect in the next two subsections.
5.1 The Various Natural Actions on the Vector Bundles Associated to
PSpine1,3(M)
Recall that, when M is a spin manifold the following occurs.
13Of course, we can write an equivalent multiform equation.
11
(i) The elements of Cℓ(M, g) = PSpine
1,3
(M)×AdR1,3 are equivalence classes [(p, a)] of pairs (p, a),
where p ∈ PSpine
1,3
(M), a ∈ R1,3 and (p, a) ∼ (p
′, a′)⇔ p′ = pu−1, a′ = uau−1, for some u ∈ Spine1,3.
(ii) The elements of CℓlSpine
1,3
(M) are equivalence classes of pairs (p, a), where p ∈ PSpine
1,3
(M),
a ∈ R1,3 and (p, a) ∼ (p
′, a′) ⇔ p′ = pu−1, a′ = ua, for some u ∈ Spine1,3.
(iii) The elements of CℓrSpine
1,3
(M) are equivalence classes of pairs (p, a), where p ∈ PSpine
1,3
(M),
a ∈ R1,3 and (p, a) ∼ (p
′, a′) ⇔ p′ = pu−1, a′ = au−1, for some u ∈ Spine1,3.
In this way, it is possible to define the following natural actions on these associated bundles.
Proposition 36 There is a natural right action of R1,3 on Cℓ
l
Spine
1,3
(M) and a natural left action
of R1,3 on Cℓ
r
Spine
1,3
(M, g).
Proof. Given b ∈ R1,3 and α ∈ Cℓ
l
Spine
1,3
(M, g), select a representative (p, a) for α and de-
fine αb := [(p, ab)] ∈ CℓlSpine
1,3
(M, g). If another representative (pu−1, ua) is chosen for α, we have
(pu−1, uab) ∼ (p, ab) and thus αb is a well-defined element of CℓlSpine
1,3
(M).
Let us denote the space of R1,3-valued smooth functions on M by F(M,R1,3). Then, the above
proposition immediately yields the following.
Corollary 37 There is a natural right action of F(M,R1,3) on sec Cℓ
l
Spine
1,3
(M) and a natural left
action of F(M,R1,3) on sec Cℓ
r
Spine
1,3
(M, g).
Proposition 38 There is a natural left action of sec Cℓ(M, g) on sec CℓlSpine
1,3
(M) and a natural
right action of sec Cℓ(M, g) on sec CℓrSpine
1,3
(M).
Proof. Given α ∈ sec Cℓ(M, g) and β ∈ sec CℓlSpine
1,3
(M, g), select representatives (p, a) for α(x)
and (p, b) for β(x) (with p ∈ π−1(x)) and define (αβ)(x) := [(p, ab)] ∈ CℓlSpine
1,3
(M, g). If alternative
representatives (pu−1, uau−1) and (pu−1, ub) are chosen for α(x) and β(x), we have
(pu−1, uau−1ub) = (pu−1, uab) ∼ (p, ab)
and thus (αβ)(x) is a well-defined element of CℓlSpine
1,3
(M, g).
Proposition 39 There is a natural pairing
sec CℓlSpine
1,3
(M)× sec CℓrSpine
1,3
(M)→ sec Cℓ(M, g).
Proof. Given α ∈ sec CℓlSpine
1,3
(M) and β ∈ sec CℓrSpine
1,3
(M), select representatives (p, a) for
α(x) and (p, b) for β(x) (with p ∈ π−1(x)) and define (αβ)(x) := [(p, ab)] ∈ Cℓ(M, g). If alternative
representatives (pu−1, ua) and (pu−1, bu−1) are chosen for α(x) and β(x), we have (pu−1, uabu−1) ∼
(p, ab) and thus (αβ)(x) is a well-defined element of Cℓ(M, g).
Proposition 40 There is a natural pairing
sec CℓrSpine
1,3
(M)× sec CℓlSpine
1,3
(M)→ F(M,R1,3).
Proof. Given α ∈ sec CℓrSpine
1,3
(M) and β ∈ sec CℓlSpine
1,3
(M), select representatives (p, a) for α(x)
and (p, b) for β(x) (with p ∈ π−1(x)) and define (αβ)(x) := ab ∈ R1,3. If alternative representatives
(pu−1, au−1) and (pu−1, ub) are chosen for α(x) and β(x), we have au−1ub = ab and thus (αβ)(x)
is a well-defined element of R1,3.
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5.2 Fiducial Sections Associated with a Spin Frame
We start by exploring the possibility of defining “unit sections” on the various vector bundles as-
sociated with the principal bundle PSpine
1,3
(M). It immediately follows from the definition given
by Eq. (1) that the unit section 1 ∈ sec Cℓ(M, g), given by x 7→ 1 ∈ Cℓ(TxM, gx), is certainly well
defined. For future reference, let us consider how this can also be seen from the associated bundle
structure of PSpine
1,3
(M)×ad R1,3.
Let
Φi : π
−1(Ui)→ Ui × Spin
e
1,3, Φj : π
−1(Uj)→ Uj × Spin
e
1,3
be two local trivializations for PSpine
1,3
(M), with
Φi(u) = (π(u) = x, φi,x(u)), Φj(u) = (π(u) = x, φj,x(u)).
Recall that the corresponding transition function gij : Ui ∩ Uj → Spin
e
1,3 is then given by
gij(x) = φi,x(u) ◦ φj,x(u)
−1,
which does not depend on u.
Proposition 41 Cℓ(M, g) has a naturally defined global unit section.
Proof. For the associated bundle Cℓ(M, g) = PSpine
1,3
(M) ×Ad R1,3, the transition functions
corresponding to local trivializations
Ψi : π
−1
c (Ui)→ Ui × R1,3, Ψj : π
−1
c (Uj)→ Uj × R1,3, (38)
are given by hij(x) = Adgij(x). Define the local sections
1i(x) = Ψ
−1
i (x, 1), 1j(x) = Ψ
−1
j (x, 1), (39)
where 1 is the unit element of R1,3. Since hij(x) · 1 = Adgij(x)(1) = gij(x)1gij(x)
−1 = 1, we see that
the expressions above uniquely define a global section 1 ∈Cℓ(M, g) with 1|Ui = 1i.
It is clear that such a result can be immediately generalized for the Clifford bundle Cℓp,q(M, g),
of any n-dimensional manifold endowed with a metric of arbitrary signature (p, q) (where n = p+q).
Now, we observe also that the left (and also the right) spin-Clifford bundle can be generalized
in an obvious way for any spin manifold of arbitrary finite dimension n = p + q, with a metric of
arbitrary signature (p, q). However, another important difference between Cℓ(M, g) and CℓlSpinep,q (M)
or CℓrSpine
1,3
(M, g) is that these latter bundles only admit a global unit section if they are trivial.
Proposition 42 There exists a unit section on CℓrSpinep,q (M) (and also on Cℓ
l
Spinep,q
(M)) if and only
if PSpinep,q (M) is trivial.
Proof. We show the necessity for the case of CℓrSpinep,q(M),
14 the sufficiency is trivial. For
CℓrSpinep,q (M), the transition functions corresponding to local trivializations
Ωi : π
−1
sc (Ui)→ Ui × Rp,q, Ωj : π
−1
sc (Uj)→ Uj × Rp,q, (40)
14The proof for the case of CℓlSpinep,q
(M) is analogous.
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are given by kij(x) = Rgij(x), with Ra : Rp,q → Rp,q, x 7→ xa
−1. Let 1 be the unit element of R1,3.
A unit section in CℓrSpinep,q (M) — if it exists — is written in terms of these two local trivializations
as
1ri (x) = Ω
−1
i (x, 1), 1
r
j(x) = Ω
−1
j (x, 1), (41)
and we must have 1ri (x) = 1
r
j(x) ∀x ∈ Ui ∩ Uj . As Ωi(1
r
i (x)) = (x, 1) = Ωj(1
r
j(x)), we have
1ri (x) = 1
r
j(x) ⇔ 1 = kij(x) · 1⇔ 1 = 1gij(x)
−1 ⇔ gij(x) = 1. This proves the proposition.
Remark 43 For general spin manifolds, the bundle PSpinep,q (M) is not necessarily trivial for ar-
bitrary (p, q), but Geroch’s theorem (remark 9) warrants that, for the special case (p, q) = (1, 3)
with M noncompact, PSpine
1,3
(M) is trivial. By the above proposition, we then see that CℓrSpine
1,3
(M)
and also CℓlSpine
1,3
(M) have global “unit sections”. It is most important to note, however, that each
different choice of a (global) trivialization Ωi on Cℓ
r
Spine
1,3
(M) (respectively, CℓlSpinep,q (M)) induces a
different global unit section 1ri (respectively, 1
l
i). Therefore, even in this case there is no canonical
unit section on CℓrSpine
1,3
(M, g) (respectively, on CℓlSpine
1,3
(M, g)).
By remark 9, when the (noncompact) spacetime M is a spin manifold, the bundle PSpine
1,3
(M)
admits global sections. With this in mind, let us fix a spin frame Ξ for M . This induces a global
trivialization for PSpine
1,3
(M), which we denote by ΦΞ : PSpine
1,3
(M)→M×Spine1,3, with Φ
−1
Ξ (x, 1) =
Ξ(x). As we show in the following, the spin frame Ξ can also be used to induce certain fiducial global
sections on the various vector bundles associated with PSpine
1,3
(M):
(i) Cℓ(M, g) Let {Ea} be a fixed orthonormal basis of R1,3 ⊆ R1,3 (which can be thought of
as the canonical basis of R1,3). We define basis sections in Cℓ(M, g) = PSpine
1,3
(M) ×Ad R1,3 by
ea(x) = [(Ξ(x),Ea)]. Of course, this induces a multivector basis {eI(x)} for each x ∈M . Note that
a more precise notation for ea would be, for instance, e
(Ξ)
a .
(ii) CℓlSpine
1,3
(M) Let 1lΞ ∈ sec Cℓ
l
Spine
1,3
(M) be defined by 1lΞ(x) = [(Ξ(x), 1)]. Then the natural
right action of R1,3 on Cℓ
l
Spine
1,3
(M) leads to 1lΞ(x)a = [(Ξ(x), a)] for all a ∈ R1,3. It follows
from corollary 37 that an arbitrary section α ∈ sec CℓlSpine
1,3
(M) can be written as α = 1lΞf , with
f ∈ F(M,R1,3).
(iii) CℓrSpine
1,3
(M, g) Let 1rΞ ∈ sec Cℓ
r
Spine
1,3
(M, g) be defined by 1rΞ(x) = [(Ξ(x), 1)]. Then the
natural left action of R1,3 on Cℓ
r
Spine
1,3
(M) leads to a1rΞ(x) = [(Ξ(x), a)] for all a ∈ R1,3. It follows
from corollary 37 that an arbitrary section α ∈ sec CℓrSpine
1,3
(M) can be written as α = f1rΞ, with
f ∈ F(M,R1,3).
Now recall (definition 6) that a spin structure on M is a 2-1 bundle map s : PSpine
1,3
(M) →
PSOe
1,3
(M) such that s(pu) = s(p)Adu, ∀p ∈ PSpine
1,3
(M), u ∈ Spine1,3, where Ad : Spin
e
1,3 → SO
e
1,3,
Adu : x 7→ uxu
−1. We see that the specification of the global section in the case (i) above is
compatible with the Lorentz frame {ea} = s(Ξ) assigned by s. More precisely, for each x ∈M , the
element s(Ξ(x)) ∈ PSOe
1,3
(M) is to be regarded as a proper isometry s(Ξ(x)) : R1,3 → TxM , so that
ea(x) := s(p) ·Ea yields a Lorentz frame {ea} on M , which we denoted by s(Ξ). On the other hand,
Cℓ(M, g) is isomorphic to PSpine
1,3
(M) ×Ad R1,3, and we can always arrange things so that ea(x) is
represented in this bundle as ea(x) = [(Ξ(x),Ea)] . In fact, all we have to do is to verify that this
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identification is covariant under a change of frames. To see that, let Ξ′ ∈ secPSpine
1,3
(M) be another
spin frame on M . From the principal bundle structure of PSpine
1,3
(M), we know that, for each
x ∈ M , there exists (a unique) u(x) ∈ Spine1,3 such that Ξ
′(x) = Ξ(x)u(x). If we define, as above,
e′a(x) = s(Ξ
′(x)) ·Ea, then e
′
a(x) = s(Ξ(x)u(x)) ·Ea = s(Ξ(x))Adu(x) ·Ea =
[
(Ξ(x), Adu(x) · Ea)
]
=
[(Ξ(x)u(x),Ea)] = [(Ξ
′(x),Ea)], which proves our claim.
Proposition 44
(i) Ea = 1
r
Ξ(x)ea(x)1
l
Ξ(x), ∀x ∈M,
(ii) 1lΞ1
r
Ξ = 1 ∈ Cℓ(M, g),
(iii) 1rΞ1
l
Ξ = 1 ∈ R1,3.
Proof. This follows from the form of the various actions defined in propositions 36-40. For
example, for each x ∈ M, we have 1rΞ(x)ea(x) = [(Ξ(x), 1Ea)] = [(Ξ(x),Ea)] ∈ sec Cℓ
r
Spine
1,3
(M)
(from proposition 38). Then, it follows from proposition 40 that 1rΞ(x)ea(x)1
l
Ξ(x) = Ea1 = Ea
∀x ∈M .
Let us now consider how the various global sections defined above transform when the spin
frame Ξ is changed. Let Ξ′ ∈ secPSpine
1,3
(M) be another spin frame with Ξ′(x) = Ξ(x)u(x), where
u(x) ∈ Spine1,3. Let ea, 1
r
Ξ, 1
l
Ξ and e
′
a, 1
r
Ξ′ , 1
l
Ξ′ be the global sections, respectively, defined by Ξ and
Ξ′ (as above). We then have the following.
Proposition 45 Let Ξ,Ξ′ be two spin frames related by Ξ′ = Ξu, where u :M → Spine1,3. Then
(i) e′a = UeaU
−1
(ii) 1lΞ′ = 1
l
Ξu = U1
l
Ξ,
(iii) 1rΞ′ = u
−11rΞ = 1
r
ΞU
−1, (42)
where U ∈ sec Cℓ(M, g) is the Clifford field associated with u by U(x) = [(Ξ(x), u(x))]. Also, in (ii)
and (iii), u and u−1, respectively, act on 1lΞ ∈ sec Cℓ
l
Spine
1,3
(M) and 1rΞ ∈ sec Cℓ
r
Spine
1,3
(M) according
to proposition 37.
Proof. (i) We have
e′a(x) = [(Ξ
′(x),Ea)] = [(Ξ(x)u(x),Ea)]
= [(Ξ(x), u(x)Eau(x)
−1)]
= [(Ξ(x), u(x))][(Ξ(x),Ea)][(Ξ(x), u(x)
−1)]
= U(x)ea(x)U(x)
−1. (43)
(iii) It follows from proposition 38 that
1rΞ′(x) = [(Ξ
′(x), 1)] = [(Ξ(x)u(x), 1)]
=
[
(Ξ(x), 1u(x)−1)
]
=
[
(Ξ(x), u(x)−1)
]
= u(x)−11rΞ(x), (44)
where in the last step we used proposition 37 and the fact that 1rΞ(x) = [(Ξ(x), 1)]. To demonstrate
the second part, note that
u−1(x)1rΞ(x) =
[
(Ξ(x), u(x)−1)
]
=
[
(Ξ(x), 1u(x)−1)
]
= [(Ξ(x), 1)]
[
(Ξ(x), u(x)−1)
]
= 1rΞ(x)U
−1(x), (45)
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for all x ∈M. It is important to note that in the last step we have a product between an element of
CℓrSpine
1,3
(M) (i.e., [(Ξ(x), 1)]) and an element of Cℓ(M, g) (i.e.,
[
(Ξ(x), u(x)−1)
]
).
We emphasize that the right unit sections associated with spin frames are not constant in any
covariant way. In fact, we have the following.
Proposition 46 Let 1rΞ ∈ sec Cℓ
r
Spine
1,3
(M) be the right unit section associated to the spin frame Ξ.
Then
∇sea1
r
Ξ = −
1
2
1rΞωea , (46)
where ωea is the connection 1-form (proposition 54) written in the basis {ea}.
Proof. It follows from Eq. (71) of the Appendix.
5.3 Representatives of DHSF on the Clifford Bundle
Let {Ea} be, as before, a fixed orthonormal basis of R1,3 ⊆ R1,3. Remember that these objects are
fundamental to the Dirac equation (37) in terms of sections Ψ of CℓlSpine
1,3
(M, g):
DsΨE21 − qAΨ = mΨE0.
Let Ξ ∈ secPSpine
1,3
(M) be a spin frame on M and define the sections 1lΞ, 1
r
Ξ and ea, respectively
on CℓlSpine
1,3
(M), CℓrSpine
1,3
(M) and Cℓ(M, g), as above. Now we can use proposition 44 to write the
above equation in terms of sections of Cℓ(M, g) :
(DsΨ)1
r
Ξe
211lΞ − qAΨ = mΨ1
r
Ξe
01lΞ. (47)
Right-multiplying by 1rΞ yields, using proposition 44,
ea(∇seaΨ)1
r
Ξe
21 − qAΨ1rΞ = mΨ1
r
Ξe
0. (48)
It follows from proposition 59 that
(∇seaΨ)1
r
Ξ = ∇ea(Ψ1
r
Ξ)−Ψ∇
s
ea(1
r
Ξ)
= ∇ea(Ψ1
r
Ξ) +
1
2
Ψ1rΞωa, (49)
where proposition 46 was employed in the last step. Therefore
ea
[
∇ea(Ψ1
r
Ξ) +
1
2
Ψ1rΞωa
]
e21 − qA(Ψ1rΞ) = m(Ψ1
r
Ξ)e
0. (50)
Thus it is natural to define, for each spin frame Ξ, the Clifford field ψΞ ∈ secCℓ(M, g) (see proposition
39) by
ψΞ := Ψ1
r
Ξ. (51)
We then have
ea
[
∇eaψΞ +
1
2
ψΞωa
]
e21 − qAψΞ = mψΞe
0. (52)
A comment about the nature of spinors is in order. As we repeatedly said in the previous sections,
spinor fields should not be ultimately regarded as fields of multivectors (or multiforms), for their
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behavior under Lorentz transformations is not tensorial (they are able to distinguish between 2π and
4π rotations). So, how can the identification above be correct? The answer is that the definition
in Eq. (51) is intrinsically spin-frame dependent. Clearly, this is the price one ought to pay if one
wants to make sense of the procedure of representing spinors by differential forms.
Note also that the covariant derivative acting on ψΞ in Eq. (52) is the tensorial covariant derivative
∇V on Cℓ(M, g), as it should be. However, we see from the expression above that ∇V always acts
on ψΞ together with the term
1
2ψΞωa. Therefore, it is natural to define an “effective covariant
derivative” ∇
(s)
V acting on ψΞ by
∇(s)ea ψΞ := ∇aψΞ +
1
2
ψΞωa. (53)
Then, proposition 54 yields
∇(s)ea ψΞ = ∂ea(ψΞ) +
1
2
ωaψΞ, (54)
which emulates the spinorial covariant derivative15, as it should. We observe moreover that if
U ∈ secCℓ(M, g) and if ψΞ ∈ secCℓ(M, g) is a representative of a Dirac-Hestenes spinor field then
∇(s)ea (UψΞ) = (∇eaU)ψΞ + U∇
(s)
ea ψΞ (55)
With this notation, we finally have the Dirac-Hestenes equation for the representative Clifford
field ψΞ ∈ secCℓ(M, g), on a Lorentzian spacetime
16:
ea∇(s)ea ψΞe
21 − qAψΞ = mψΞe
0, (56)
where ψΞ is the representative of a DHSF Ψ of Cℓ
l
Spine
1,3
(M, g), relative to the spin frame Ξ.
Let us finally show that this formulation recovers the usual transformation properties character-
istic of the Hestenes’s formalism as described, e.g., in [34]. For that matter, consider two spin frames
Ξ,Ξ′ ∈ secPSpine
1,3
(M), with Ξ′(x) = Ξ(x)u(x), where u(x) ∈ Spine1,3. It follows from proposition
45 that ψΞ′ = Ψ1
r
Ξ′ = Ψu
−11rΞ = Ψ1
r
ΞU
−1 = ψΞU
−1. Therefore, the various spin frame dependent
Clifford fields from Eq. (56) transform as
e′a = UeaU
−1, (57)
ψΞ′ = ψΞU
−1.
These are exactly the transformation rules one expects from fields satisfying the Dirac-Hestenes
equation (see, e.g., [34]).
5.4 Bilinear Covariants
5.4.1 Bilinear Covariants Associated to a DHSF
We are now in position to give a precise definition of the bilinear covariants of the Dirac theory,
associated with a given DHSF.
Definition 47 Recalling that
∧p
(M) →֒ Cℓ(M, g), p = 0, 1, 2, 3, 4, and recalling propositions 39 and
40, the bilinear covariants associated to a DHSF Ψ ∈ secCℓlSpine
1,3
(M) (and Ψ˜ ∈ sec CℓrSpine
1,3
(M))
15This is the derivative used in [34], there introduced in an ad hoc way.
16The DHE on a Riemann-Cartan spacetime will be discussed in another publication.
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are the following sections of Cℓ(M, g):
S = ΨΨ˜ = σ + e5 ω ∈ sec(
∧0
(M) +
∧4
(M)), (58)
J = ΨE0Ψ˜ ∈ sec
∧1
(M), K = ΨE3Ψ˜ ∈ sec
∧1
(M),
M = ΨE12Ψ˜ ∈ sec
∧2
(M),
where Ψ = Ψ 12 (1 +E0), and e5 = e0e1e2e3.
Remark 48 Of course, since all bilinear covariants in Eq. (58) are sections of Cℓ(M, g), they have
the right transformation properties under arbitrary local Lorentz transformations, as required. As
shown, e.g., in [21] these bilinear covariants and their Hodge duals satisfy a set of identities, called
the Fierz identities (see, e.g., [34]) that are crucial for the physical interpretation of the Dirac
equation (in first and second quantizations).
Remark 49 Crumeyrolle [10] gives the name of amorphous spinor fields to ideal sections of the
Clifford bundle Cℓ(M, g). Thus an amorphous spinor field φ is a section of Cℓ(M, g) such that
φP = φ, where P = P2 is an idempotent section of Cℓ(M, g). However, these fields and also the
so-called Dirac-Ka¨hler fields ([18],[20]), which are also sections of Cℓ(M, g), cannot be used in a
physical theory of fermion fields since they do not have the correct transformation law under a
Lorentz rotation of the local spin frame.
5.4.2 Bilinear Covariants Associated with a representative of a DHSF
We note that the bilinear covariants, when written in terms of ψΞ := Ψ1
r
Ξ, read (from proposition
44) as
S = ψΞψ˜Ξ = σ + e5 ω ∈ sec(
∧0
(M) +
∧4
(M)),
J = ψΞe0ψ˜Ξ ∈ sec
∧1
(M), K = ψΞe3ψ˜Ξ ∈ sec
∧1
(M),
M = ψΞe1e2ψ˜Ξ∈ sec
∧2
(M),
where e5 = e0e1e2e3. These are all intrinsic quantities, as they should be.
5.5 Electromagnetic Gauge Invariance of the DHE
Proposition 50 The DHE is invariant under electromagnetic gauge transformations
ψΞ 7→ ψ
′
Ξ = ψΞe
qe21χ, (59)
A 7→ A+ ∂χ, (60)
ωea 7→ ωea (61)
where ψΞ, ψ
′
Ξ ∈ sec Cℓ
0(M, g), A ∈ sec
∧1
(M) ⊂ secCℓ(M, g) and where χ ∈ sec
∧0
(M) ⊂
secCℓ(M, g) is a gauge function.
Proof. It is a direct calculation.
But, what are the meanings of these transformations? Eq.(59) looks similar to Eq. (57) defining
the change of a representative of a DHSF once we change spin frame, but here we have an active
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transformation, since we did not change the spin frame. On the other hand, Eq. (60) does not
correspond either to a passive (no transformation at all) or active local Lorentz transformation for
A. Nevertheless, writing χ = θ/2 yields
e−qe
21θ/2e0eqe
21θ/2 = e′0 = e0,
e−qe
21θ/2e1eqe
21θ/2 = e′1 = cos qθ e1 + sin qθ e2,
e−qe
21θ/2e2eqe
21θ/2 = e′2 = − sin qθ e1 + cos qθ e2,
e−qe
21θ/2e3eqe
21θ/2 = e′3 = e3. (62)
We see that Eqs. (62) define a spin frame Ξ′ to which corresponds, as we already know, a basis
{e′0, e′1, e′2, e′3} for
∧1
(M) →֒ Cℓ(M, g). We can then think of the electromagnetic gauge transfor-
mation as a rotation in the spin plane e21 by identifying ψ′Ξ in Eq.(59) with ψΞ′ , the representative
of the DHSF in the spin frame Ξ′ and by supposing that instead of transforming the spin connection
ωea as in Eq. (69) it is taken as fixed and instead of maintaining the electromagnetic potential A
fixed it is transformed as in Eq. (60). We observe that, since in the theory of the gravitational field
ωea is associated with some aspects of that field, our interpretation for the electromagnetic gauge
transformation suggests a possible nontrivial coupling between electromagnetism and gravitation, if
the Dirac-Hestenes equation is taken as a fundamental representation of fermionic matter. We will
explore this possibility in another publication.
6 Conclusions
In this paper, we hope to have clarified the ontology of Dirac-Hestenes spinor fields (on a general
spacetime M =(M, g,∇, τg, ↑) of the Riemann-Cartan type admitting a spin structure) and its rela-
tionship with sums of even multivector fields (or differential forms). This has been achieved through
the introduction of the Clifford bundle of multivector fields (Cℓ(M, g)) and the left ( CℓlSpine
1,3
(M))
and right (CℓrSpine
1,3
(M)) spin-Clifford bundles on a spin manifold (M, g), as well as a study of the
relations among these bundles. Left algebraic spinor fields and Dirac-Hestenes spinor fields (both
fields are sections of CℓlSpine
1,3
(M)) have been defined and the relation between them has been estab-
lished. Moreover, a consistent Dirac equation for a DHSF Ψ ∈ sec CℓlSpine
1,3
(M) (denoted DECℓl)
on a Lorentzian spacetime was found. We succeeded also in obtaining in a consistent way a rep-
resentation of the DECℓl in the Clifford bundle. It is such equation satisfied by Clifford fields
ψΞ ∈ sec Cℓ(M, g) that we called the Dirac-Hestenes equation (DHE ). This means that to each
DHSF Ψ ∈ sec CℓlSpine
1,3
(M) and to each spin frame Ξ ∈ secPSpine
1,3
(M) there is a well-defined even
nonhomogeneous multivector field ψΞ ∈ sec Cℓ(M, g) (EMFS ) associated with Ψ. Such a EMFS is
called a representative of the DHSF on the given spin frame. And, of course, such a EMFS (the
representative of the DHSF ) is not a spinor field. With this crucial distinction between a DHSF
and their EMFS representatives we presented a consistent theory for Clifford and spinor fields of all
kinds.
We emphasize that the DECℓl and the DHE, although related, are of different mathematical
natures. This issue has been particularly scrutinized in sections 4 and 5. We studied also the local
Lorentz invariance and the electromagnetic gauge invariance and showed that only for the DHE such
transformations are of the same mathematical nature, something that suggests by itself a possible
link between them.
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A Covariant Derivatives of Clifford and Spinor Fields
A.1 Covariant Derivative of Clifford Fields
In this appendix, (M, g,∇, τg, ↑) denotes a general Riemann-Cartan spacetime (definition 3). Since
Cℓ(M, g) = τM/J(M, g), it is clear that any metric compatible (∇g = 0) connection defined in τM
passes to the quotient τM/J(M, g), and thus defines an algebra bundle connection [10]. In this way,
the covariant derivative of a Clifford field A ∈ sec Cℓ(M, g) is completely determined.
We will find formulas for the covariant derivative of Clifford fields and of DHSF using the general
theory of connections on principal bundles and covariant derivatives on associated vector bundles,
as described in many excellent textbooks, e.g., ([8],[15],[29],[30]).
Let (E,M, π1, G, F ), denoted by E = P×ρF , be a vector bundle associated to a PFB (P,M, π,G)
by the linear representation ρ of G in F = V.
Definition 51 Let σ : R ⊃ I → M, t 7→ σ(t) be a curve in M with x0 = σ(0) ∈ M , and let
p0 ∈ π
−1(x0). The parallel transport of p0 along σ is given by the curve σˆ : R ⊃ I → P, t 7→ σˆ(t)
defined by
d
dt
σˆ(t) = Γp
(
d
dt
σ(t)
)
, (63)
with p0 = σˆ(0) and π(σˆ(t)) = σ(t). We also denote p‖t = σˆ(t).
In Eq. (63), Γp : TxM → TpP is a connection
17 on (P,M, π,G).
Consider the trivializations of P
Φi : π
−1(Ui)→ Ui ×G, Φi(p) = (π(p), φi,x(p)),
and E
Ξi : π
−1
1 (Ui)→ Ui × F, Ξi(q) = (π1(q), χi(q)) = (x, χi(q)) .
Then, we have the following.
Definition 52 The parallel transport of Ψ0 ∈ E, π1(Ψ0) = x0, along the curve σ : R ⊃ I → M ,
t 7→ σ(t), from x0 = σ(0) ∈M to x = σ(t) is the element Ψ‖t ∈ E such that:
(i) π1(Ψ‖t) = x;
(ii) χi(Ψ‖t) = ρ(φi(p‖t) ◦ φi(p0)
−1)χi(Ψ0);
(iii) p‖t ∈ P is the parallel transport of p0 ∈ P along σ from x0 to x.
17See, e.g., definition (a) on page 358 of [8].
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Definition 53 Let v be a vector at x0 tangent to the curve σ (as defined above). The covariant
derivative of Ψ ∈ secE along v is denoted (DEv Ψ)x0∈ secE and
(DEv Ψ)(x0) ≡ (D
E
v Ψ)x0 = lim
t→0
1
t
(Ψ0‖t −Ψ0), (64)
where Ψ0‖t is the parallel transport of the vector Ψt ≡ Ψ(σ(t)) of the given section Ψ ∈ secE along
σ from σ(t) to x0. The only requirements on σ are that σ(0) = x0 and
d
dt
σ(t)
∣∣∣∣
t=0
= v. (65)
Proposition 54 Let V ∈ secTM . The covariant derivative of a Clifford field A ∈ sec Cℓ(M, g) is
given by
∇V A = V (A) +
1
2
[ωV , A], (66)
where V (A) := V (AI)eI and ωV is the connection 1-form V 7→ ωV = −
1
2V
aΓabce
b ∧ ec, written in
the basis {ea}, with Γabc given by ∇eaeb = Γab
cec = Γabce
c.
Proof Writing A(t) = A(σ(t)) in terms of the multivector basis {eI} of sections associ-
ated to a given spin frame, as in section 5.2, we have A(t) = AI(t)eI(t) = A
I(t)[(Ξ(t), EI )] =
[(Ξ(t), AI (t)EI)] = [(Ξ(t), a(t))], with a(t) := A
I(t)EI ∈ R1,3. If follows from item (ii) of definition
52 that
A0||t = [(Ξ(0), g(t)a(t)g(t)
−1)] (67)
for some g(t) ∈ Spine1,3, with g(0) = 1. Thus
lim
t→0
1
t
(g(t)a(t)g(t)−1 − a(0)) =
[
dg
dt
ag−1 + g
da
dt
g−1 + ga
dg−1
dt
]
t=0
=
= a˙(0) + g˙(0)a(0)− a(0)g˙(0) =
= V (AI)EI + [g˙(0), a(0)],
where g˙(0) ∈ Lie(Spine1,3) = Λ
2(R1,3). Therefore
∇VA = V (A
I)eI +
1
2
[ωV , A],
for some ωV ∈ sec
∧2
(M). In particular, calculating the covariant derivative of the basis 1-vector
fields eb yields V
aΓab
cec = ∇V eb =
1
2 [ωV , eb], so that ωV = −
1
2V
aΓabce
b ∧ ec.
Remark 55 Equation (66) shows that the covariant derivative preserves the degree of a homoge-
neous Clifford field, as can be easily verified.
The general formula Eq. (66) and the associative law in the Clifford algebra immediately yields
the following.
Corollary 56 The covariant derivative ∇V on Cℓ(M, g) acts as a derivation on the algebra of
sections, i.e., for A,B ∈ sec Cℓ(M, g) and V ∈ secTM , it holds that
∇V (AB) = (∇V A)B +A(∇V B) (68)
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Under a change of gauge (local Lorentz transformation) ea 7→ e′a = UeaU−1, with U ∈
sec Cℓ(M, g), UU˜ = U˜U = 1, the corresponding transformation law for ωV is as follows.
Corollary 57 Under a change of gauge (local Lorentz transformation), ωV transforms as
1
2
ωV 7→ U
1
2
ωV U
−1 + (∇V U)U
−1, (69)
Proof. It is a simple calculation using Eq.(66).
A.2 Covariant Derivatives of Spinor Fields
The spinor bundles introduced in section 2, like I(M) = PSpine
1,3
(M) ×l I, I = R1,3
1
2 (1 + E0),
CℓlSpine
1,3
(M), and CℓrSpine
1,3
(M) (and subbundles) are examples of vector bundles. Thus, the general
theory of covariant derivative operators on associated vector bundles can be used (as in the previous
section) to obtain formulas for the covariant derivatives of sections of these bundles. Given Ψ ∈
sec CℓlSpine
1,3
(M) and Φ ∈ sec CℓrSpine
1,3
(M), we denote the corresponding covariant derivatives by
∇sVΨ and ∇
s
VΦ
18.
Proposition 58 Given Ψ ∈ sec CℓlSpine
1,3
(M) and Φ ∈ sec CℓrSpine
1,3
(M),
∇sVΨ = V (Ψ) +
1
2
ωVΨ, (70)
∇sVΦ = V (Ψ)−
1
2
ΨωV . (71)
Proof. It is analogous to that of proposition 54, with the difference that Eq. (67) should be
substituted by Ψ0||t = [(Ξ(0), g(t)a(t))] and Φ
0
||t = [(Ξ(0), a(t)g(t)
−1)].
Proposition 59 Let ∇ be the connection on Cℓ(M, g) to which ∇s is related. Then, for any V ∈
secTM , A ∈ sec Cℓ(M, g), Ψ ∈ sec CℓlSpine
1,3
(M)) and Φ ∈ sec CℓrSpine
1,3
(M),
∇sV (AΨ) = A∇
s
VΨ+ (∇V A)Ψ, (72)
∇sV (ΦA) = Φ∇V A+(∇
s
V Φ)A. (73)
Proof. Recalling that CℓlSpine
1,3
(M) (CℓrSpine
1,3
(M)) is a module over Cℓ(M, g), the result follows
from a simple computation.
Finally, let Ψ ∈ sec CℓlSpine
1,3
(M) be such that Ψe = Ψ, where e2 = e ∈ R1,3 is a primitive
idempotent. Then, since Ψe = Ψ,
∇sVΨ=∇
s
V (Ψe)=V (Ψe) +
1
2
ωVΨe
= [V (Ψ) +
1
2
ωVΨ]e = (∇
s
VΨ)e, (74)
from where we verify that the covariant derivative of a LIASF is indeed a LIASF.
18Recall that Il(M) →֒ Cℓl
Spine
1,3
(M) and Ir(M) →֒ Cℓr
Spine
1,3
(M).
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